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Abstract 

This work shows applications of  the image domain least-

squares migration with the concept of  the point spread 
f unctions, including pre-stack and post-stack strategies 

and using both Rev erse Time Migration (RTM) and 

Kirchhof f  migration engines. We present two applications 

in 3D datasets of  deepwater of f shore of  Brazil. Both 
strategies showed that least-squares migration prov ide an 

uplif t in the migration amplitudes and resolution ev en on 

geologically  complex models. Quantitativ e analy sis shows 

the large impact that LSM can prov ide f or 3D seismic (f or 

exploratory  objectiv e and reserv oir characterization. 

  

Introduction 

A v ision f or least-squares migration (LSM) has been stated 
by  Albert Tarantola more than 30 y ears ago:  “Imaging will 

not be based on principles, but on well-posed questions 

about the properties of  the Earth’s interior” (Tarantola,  

1986). By  posing the right question, one understands the 

migration problem as an inv ersion problem and its solution 
has more correct migration amplitudes and better image 

resolution ev en on geologically  complex models. 

 

One of  the earliest applications of  LSM was realized by  
Nemeth, Wu and Schuster (1999) in the data domain. 

Later, Hu, Schuster and Vasalek (2001) f ormulated the 

image domain LSM, also named as migration 
deconv olution. In their work, the Hessian was interpreted 

with the concept of  the Point Spread Function (PSF), 

ubiquitously  used in the image processing, medical 

imaging and astronomy  community  to retriev e images with 
higher resolution. Nowaday s, the image least-squares 

migration has been applied in large size 3D imaging 

projects (Fletcher et al., 2012 and Letki et al. 2015).  

 

LSM is considered an adv anced imaging tool, potentially  
boosting the signal quality  of  pre-salt to correct distortions 

in poorly  illuminated areas, related to wav e propagation in 
complex ov erburden and incomplete geometry  of  

acquisiton (Nemeth et al., 1999 and Hu et al., 2001). 

 

Method 

LSM may  be f ormulated as an inv ersion problem in which 

the objectiv e is to f ind the ref lectiv ity (or the image),  𝒓, 

which best explains the observ ed data according to a 

least-squares objectiv e f unction 𝐸(𝒓): 

𝒓 = 𝑎𝑟𝑔𝑚𝑖𝑛  [𝐸(𝒓) =
𝟏

𝟐
‖𝒖(𝒓) − 𝒅‖𝟐] ,      (1) 

where 𝒅 is the observ ed data, 𝒖 is the computed data 

sy nthesized by  Born modeling (𝑱) according to 

𝒖(�⃗⃗� 𝒔,  �⃗⃗� 𝒓) = 

∫ 𝑮𝒔(�⃗⃗� 𝒔 , �⃗⃗� − 𝒉) 𝒓(�⃗⃗� , 𝒉)
𝛀,𝐡

𝑮𝒓(�⃗⃗� 𝒓 , �⃗⃗� + 𝒉)𝒅𝛀 𝒅𝒉, (2)       

in which, subscripts s and r denote source and receiv er, 

respectiv ely , 𝐺  corresponds to Green´s f unctions, h is a 

model extension parameter, and 𝑥  is a position v ector (in  

the model space if  written without subscript). Eq. 2 can be 
written in a more compact f orm as 

                         𝒖 = 𝑱𝒓.                                       (3) 

Considering Eq. 3, the least-squares solution of  Eq. 1 is: 

        𝒓 = (𝑱𝑻𝑱)
−𝟏

𝑱𝑻𝒅.                        (4) 

 

In Eq. 4, one can recognize the conv entional migrated 

image 𝛁𝑬 = 𝑱𝑇𝒅 = 𝒎, where 𝑱𝑇
 is the adjoint of  the 

Born modeling and the Hessian 𝑯 = 𝑱𝑇𝑱, which is the 

second deriv ativ es of  𝐸(𝒓). Notice that computing the 
Hessian inv olv es modeling and migration operators. 

Theref ore, f rom Eq. 4, LSM can be recast in the image 

domain, which reads 

 

            𝑯𝒓 = 𝒎       ⇒       𝒓 = 𝑯−𝟏𝒎.                   (5) 

 

A remarkable dif f erence between the traditional migration 
and the LSM is the presence of  the Hessian. The Hessian 

is a spatially  v ariant operator, which encodes:   

• Illumination f rom the source and the receiv er 
wav ef ield due to incomplete acquisition and 

v elocity  model v ariations. 

• Resolution associated with the band-limited 
nature of  the seismic signal.  

• Wav elet signature employ ed on the migration and 
modeling. 
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Neglecting these ef f ects can plague the f inal quality  and 
reliability  of  the seismic images deliv ered to the 

interpreters. 

 

The explicit computation and storage of  the Hessian (as a 
matrix, f or example), howev er, is computationally  

inf easible, since the number of  its elements is the square 

of  the number of  parameters in the model. This is the 

reason why  it is imperativ e to interpret the Hessian as an 

operator. In addition, f or the sake of  decreasing the 
computational ef f ort, it is important to take advantage of  the 

Hessian structure (Valenciano et al, 2009), which is 

diagonal dominant and almost locally  inv ariant.  

 

In the f ormulation of  the image-domain LSM with PSFs, 
one ev aluates the Hessian in predef ined points of  the 

model by  the Born modeling of  unit scattering f ollowed by  
a traditional migration. A PSF is the output of  this scheme 

and describes the response of  a seismic 

acquisition/imaging sy stem to a point ref lectiv ity. More 

importantly , PSFs explicitly  encode the illumination and 
blurring caused by  this sy stem. The computational cost to 

obtain one grid of  PSFs is equal to a direct modeling and a 

traditional migration. Figure 1 indicates what is necessary  

f or the ev aluation of  the PSF: (1) to setup a unit scattering 

grid, balancing compactness and interf erence f rom 
neighboring PSFs, (2) to estimate the source signature 

(wav elet), and (3) to prov ide a v elocity  model f or the Born 

modeling and migration. In addition, acquisition geometry  

should be prov ided in order to assess the ef f ects caused 
by  an incomplete acquisition. 

 

The PSFs, or equiv alently , the operator 𝑯 acts as a 

multidimensional spatially  v ariant conv olution-like 

operator. Ideally , this operation on the true ref lectivity 

mimics the migrated image, 𝑚 : 

𝑚(𝑥 ) = ∫ 𝑃𝑆𝐹(𝑥 ,𝑥 ′) 𝑟(𝑥 ′)
Ω

𝑑Ω  ,            (6) 

This concept can be f urther generalized to pre-stack image 
gathers, which can be extended either to the surf ace offset 

domain (ℎ), subsurf ace angle domain (𝜃) (or any  akin 
domain): 

𝑚(𝑥 , ℎ) = ∫ 𝑃𝑆𝐹(𝑥 ,𝑥 
′
, ℎ) 𝑟(𝑥 ′, ℎ)

Ω

𝑑Ω    

  𝑜𝑟   𝑚(𝑥 , 𝜃) = ∫ 𝑃𝑆𝐹(𝑥 ,𝑥 
′
, 𝜃) 𝑟(𝑥 ′, 𝜃)

Ω 𝑑Ω,       (7) 

 

Af ter retriev ing the PSFs around a neighborhood of  the 
original points and considering them as a good 
approximation of  the  Hessian, we apply  an iterative 

optimization algorithm to reduce the dif f erence between 

𝑯𝒓 and 𝒎 . A traditional approach f or image domain LSM 

is to consider the 𝐿2-norm objectiv e  f unction (Valenciano 

et al., 2009), aiming at retriev ing the ref lectiv ity 𝒓, such 
that, 

             𝒓 = 𝑎𝑟𝑔𝑚𝑖𝑛  [𝐸(𝒓) =
1

2
‖𝐶

𝑑

−
1

2[𝑯𝒓− 𝒎]‖

2

],   (8) 

That is, 𝒓 is the ref lectiv ity which minimizes the 𝐿2-norm of  

the dif f erence between the migrated image,  𝑚, and the 

ref lectiv ity response to the Hessian or its approximation 

using the PSFs. The term 𝐶𝑑

−1/2
 is a preconditioner to the 

inv ersion problem, and one popular choice is to use the 

pseudo-Hessian (Shin et. al, 2001), which corresponds to 
the compensation f or the illumination by  the source 

wav ef ield. 

A computationally  af f ordable solution to the problem (8) is 
to apply  an iterativ e algorithm, such as the steepest-

descent scheme: 

𝑟𝑛+1 = 𝑟𝑛 − 𝛼𝐶𝑑
−1𝑯𝑻(𝑯𝑟𝑛 − 𝑚)   ,           (9) 

 

 

 
 

 

 

Figure 1: Scattering grid points, wavelet and velocity model (left) are necessary to estimate the PSFs by wavefield modeling. 
One can observe the distortion on the deepest PSFs due to the modeling and migration apparatus and velocity model 

variations. 
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where 𝑛 is the iteration number and 𝛼 is a scale-f actor. It 

is known that linear iterativ e algorithms based on 𝐿2-norm 
improv e the image resolution and correct f or illumination 

ef f ects, but the bandwidth of  the outcome is restricted to be 

the same as that of  the input seismic image (Rosa, 2018).  

The objectiv e f unction (Eq. 8) can be augmented in sev eral 
way s. For instance, sparsity  promotion (Pereira-Dias, et al. 
2017) prov ides a super-resolution depth-imaging 

technique ev en if  the input was a bandlimited image 

plagued with illumination issues. In addition, the presence 

of  noise or undesired ev ents such as multiples in the 
migrated image may  reduce the quality  of  the least-

squares migration result. In this case, other constraints 

such as structure-oriented f iltering (Hale, 2009) might be 

imposed and interpreted as an additional geophy sical 

constraint to inv ersion problem. In the prestack approach, 
it is also possible to include a regularization in the of fset 

domain, imposing continuity  of  the amplitudes. 

 

Results 

We show how the method perf orms on two approaches  
and dif f erent datasets: 

 3D nodes data in the Santos Basin, Brazil. Water 
depth is about 2,200 m. PSFs are generated by  an 

acoustic two-way  extrapolator f or the Born modelling 

and imaging with RTM limited to 45 Hz cut f requency. 

Figure 2 shows the results f or the 3D PSFs, RTM and 

post-stack LSM. The main contribution concerning 
illumination relates to the edge of  the surv ey . In the 

target area, the resolution gain prov ided better 

stratigraphic details, and the maintenance of  ev ents 

continuity  was ensured by  using structure oriented 
f iltering. 

 Conv entional streamer (narrow azimuth and 8km 

cable length) of  a 3D surv ey  at the Espírito Santo 

Basin, Brazil. Water depth is about 2,000 m. PSFs are 
generated by  two-way  Born modelling and Kirchhoff  

depth migration in surf ace of f set domain. Figure 3 

show the results f or 3D prestack PSFs, Kirchhof f  and 

LSM. It is clear that PSFs capture the amplitude 

distribution along the surf ace of f set direction when 
compared to the migrated gather. That is why  LSM, in 

addition to improv e resolution, better balances 

amplitudes in that direction. Worth to mention that no 

regularization was used in this application. 

 

Conclusions 

We presented two applications of  the image domain least-
squares migration with the concept of  the point spread 
f unctions, including pre-stack and post-stack strategies 

and using both Rev erse Time Migration (RTM) and 

Kirchhof f  migration engines. Both strategies showed that 

least-squares migration prov ides an uplif t in the migration 
amplitudes and resolution ev en on geologically  complex 

models. The most suitable approach, in imaging projects, 

should be pondered according to each geological context 

in order to prov ide the interpreters reliable images. 
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(a) PSF                                          (b) RTM                                (c) Post -LSM 

Figure 2: (a) 3D Point spread function grid. (b) Reverse Time Migration (c) Post-stack image domain 

LSRTM. 

       
                          (a) PSF                                    (b) KDM                                 (c) Pre -LSM 
Figure 3:  Surface offset gathers of (a) Point spread functions. (b) Kirchhoff Depth Migration (c) Pre -

stack LSM. 


